Abstract This article reviews recent studies of scale interactions in magnetohydrodynamic turbulence. The present day increase of computing power, which allows for the exploration of different configurations of turbulence in conducting flows, and the development of shell-toshell transfer functions, has led to detailed studies of interactions between the velocity and the magnetic field and between scales. In particular, processes such as induction and dynamo action, the damping of velocity fluctuations by the Lorentz force, or the development of anisotropies, can be characterized at different scales. In this context we consider three different configurations often studied in the literature: mechanically forced turbulence, freely decaying turbulence, and turbulence in the presence of a uniform magnetic field. Each configuration is of interest for different geophysical and astrophysical applications. Local and non-local transfers are discussed
Introduction
Turbulence is a multiscale phenomenon ubiquitous in geophysical and astrophysical flows. In many of these flows, the coupling of a conducting fluid with electromagnetic fields requires consideration of the magnetohydrodynamic (MHD) equations (see, e.g., Moffatt 1978 ). The equations describe the dynamics of nonrelativistic conducting fluids as, e.g., in the Earth's core or in industrial applications, and under some approximations they can also describe the large-scale behavior of magnetospheric, space, and astrophysical plasmas. In these latter cases, care must be taken to consider only the scales where a one-fluid approximation holds, as scales small enough may require consideration of kinetic plasma effects such as ambipolar diffusion in weakly ionized plasmas as the interstellar medium, or the Hall current for highly ionized media such as small scales in the solar wind. However, in those cases the MHD equations still give a good description of large scales, and the approximation gives a useful approach to get lowest-order physical insight into the fate of the flows.
In the simplest case, that of an incompressible flow with constant mass density, the equations give the evolution of the bulk fluid velocity u and of the magnetic field b:
where the magnetic field is written in Alfvenic units, the density is set to unity, and p is the (fluid plus magnetic) pressure. The kinematic viscosity ν and magnetic diffusivity η control respectively the viscous and Ohmic dissipation. These equations are constrained by the incompressibility condition and by the solenoidal character of the magnetic field,
Two different Reynolds numbers can be defined in MHD flows. The mechanical
Mininni
Reynolds number
which is the ratio of convective to viscous forces (where U is the rms velocity and L a characteristic lengthscale of the flow), and the magnetic Reynolds number
that can be interpreted as the ratio of induction to Ohmic dissipation. In many flows these Reynolds numbers are very large, and the flows are in a turbulent regime.
While in the hydrodynamic case the phenomenological theory of Kolmogorov (K41) gives to a good approximation (albeit intermittency corrections) the power law of the energy spectrum, no clearly established phenomenological counterpart exists in MHD. This has many implications as the energy dissipation rate (required to predict, e.g., heating rates in solar and space physics) depends on the slope of the energy spectrum. Also, subgrid models, required to do numerical modeling in astrophysics and geophysics given the large scale separation involved in such flows, are less developed in MHD as a result of the lack of detailed knowledge of its energy spectrum.
In the Kolmogorov description of hydrodynamic turbulence, the interactions of similar size eddies play the basic role of cascading the energy to smaller scales on a scale-dependent time scale τ ℓ ∼ ℓ/u ℓ , where ℓ is the examined length scale and 
where ǫ ± are the dissipation rates of the Elsässer variables z ± = u ± b, and the subindex denotes the increment of the field along the displacement vector l.
Moreover, even in the simplest incompressible case, at least two time scales 
While the second term on the l.h.s. advects the vorticity, the first term on the right (in three dimensions) produces vorticity by vortex stretching. For 
where σ is the conductivity of the medium and the uniform magnetic field B 0 is in the z direction. The Joule damping, although anisotropic in spectral space, is roughly independent of the wavenumber, and unlike viscous damping is not concentrated at small scales but rather acts at all scales. As a result, the large-scale magnetic field in this approximation exerts work over all scales in the velocity field (damping turbulent fluctuations) in a non-local way. We will see that the shell-to-shell transfers indicate in some cases similar behavior of the Lorentz force even in cases far from this approximation.
Another important example concerns Alfvén waves, which are also non-linear solutions of the ideal MHD equations. Alfvénic states with u = ±b make the non-linear terms in Eqs. (1) and (2) A shell filter decomposition of the two fields is introduced as
where
and
Hereũ(k) andb(k) are respectively the Fourier transforms of the velocity and magnetic fields with wavenumber k. The shell filtered fields u K and b K are therefore defined as the field components whose Fourier transforms contain only Mininni wavenumbers in a given shell K. These shells can be defined with linear binning using K 1 = K and K 2 = K + 1, or alternatively with logarithmic binning using Another variant when defining the shell filter decomposition has to do with the choice of using sharp filters (as in the equations above) or smooth filters (Eyink 1994 (Eyink , 2005 . This issue has raised some controversy in the hydrodynamic case, with claims that non-localities observed in simulations may be due to the Based on the shell filter decomposition, the evolution of the kinetic energy in a shell K, E u (K) = u 2 K /2 dx 3 , can be derived from Eq. (1) as
and for the magnetic energy,
where the functions D u (K) and D b (K) express respectively the kinetic and magnetic energy dissipation in the shell K. The transfer functions T uu (Q, K),
, and T bu (Q, K), that express the energy transfer between different fields and shells are given by
The function T uu (Q, K) measures the transfer rate of kinetic energy in the shell Q to kinetic energy in the shell K due to the advection term in the momentum equation (1) . This is the non-linear transfer that is also present in hydrodynamic turbulence. Similarly, T bb (Q, K) expresses the rate of magnetic energy transferred from the shell Q to magnetic energy in the shell K due to the magnetic advection term. The Lorentz force is responsible for the transfer of energy from the magnetic field in the shell Q to the velocity field in the shell K, as measured by T bu (Q, K).
Finally, the term responsible for the stretching of magnetic field lines, the first term on the r.h.s. of Eq. (2), results in the transfer of kinetic energy from shell Q to magnetic energy in shell K and is expressed by T ub (Q, K). This is the term that describes magnetic induction and dynamo action.
All these transfer functions satisfy
Mininni (where the subindices v and w stand for u or b). This expression indicates that the rate at which the shell Q gives energy to the shell K is equal to the rate the shell K receives energy from the shell Q, and is a necessary condition to define shellto-shell transfers that satisfy a detailed energy balance between shells. Then, the contribution of these transfers to the total energy flux can be computed as:
Besides the total energy, the MHD equations have two more ideal invariants:
the cross-helicity C = u · b dx 3 , and the magnetic helicity H = a · b dx 3 where a is the vector potential such as b = ∇ × a. These quantities also satisfy detailed balance equations equivalent to Eqs. (13) and (14) . Shell-to-shell transfer functions for the magnetic helicity have been defined in Alexakis et al. (2006) . Its transfer from shell Q to shell K is measured by
The energy transfer functions were also generalized in recent works to consider 
Forced isotropic and homogeneous turbulence
As mentioned before, forced simulations of MHD turbulence can be attained by In the simulations with a resolution of 256 3 grid points, the velocity field was forced with time independent mechanical forcing until a hydrodynamic turbulent steady state was reached. Two different forcing functions were studied: one In such a state the transfer functions described in the previous section were computed. Typical results are illustrated in Fig. 1 .
The T uu and T bb transfers were observed to behave in a similar fashion, giving direct and local transfer of energy. In 
together with Chandrasekhar (1951) law
where ǫ is the total energy flux. The authors discriminated between the different terms to look how they balanced to give rise to the direct flux. Each of the terms in these expressions can indeed be associated to the counterpart in real space of the Π uu , Π bb , and Π ub + Π bu fluxes in Fourier space.
The dominant balance was identified between (4/5)ǫl and 6 b 2 δu , and they concluded that at their available resolution, the local direct cascade of energy was From 1996 Ulysses magnetometers time series and using a Markov process ap-proach, Strumik & Macek (2008b) concluded that the transfer of magnetic to magnetic energy was local. Then, using velocity and magnetic field time series from ACE spacecraft from 1999 to 2006 and performing the same analysis on the remaining transfers they concluded that all transfers were local.
Freely decaying turbulence
The differences between the forced and freely decaying cases can be understood as in the mechanically forced runs, the velocity field has to continuously supply energy to the magnetic field in order to sustain it against Ohmic dissipation. This is not necessarily the case for freely decaying runs where both fields are dissipated in time.
Anisotropic turbulence
Recently, the shell-to-shell transfers were extended to consider anisotropies when an external uniform magnetic field is imposed. This case is of interest as in many astrophysical problems a strong large-scale magnetic field is present creating small-scale anisotropy. Unlike hydrodynamic turbulence, MHD turbulence does not recover isotropy at small scales, and theoretical and numerical results indicate anisotropy becomes stronger at smaller scales.
To study anisotropic transfers, different foldings of the shells in Fourier space can be implemented. energy is angularly distributed in spectral space to create anisotropy. Non-local effects with the forcing shell were observed in the shell-to-shell transfers, but in the angular ring-to-ring transfers were too weak to be noticed. 
Magnetic helicity and the inverse cascade

Non-local interactions and universality of MHD turbulence
The above considerations led several authors to consider whether some of the usual assumptions in hydrodynamic turbulence hold in the MHD case. From the shell-to-shell transfer, the scenario pictured in Fig. 6 seems to arise for the energy:
interactions between the same fields are mostly local, and interactions between the velocity and the magnetic field can have different degrees of non-locality depending on whether the turbulence is forced or freely decaying, depending on how the velocity and the magnetic fields are maintained against dissipation in the forced case, and depending on the presence of an external magnetic field.
It is unclear for the moment whether the varying degree of non-locality with the configuration will converge to a universal solution for very large Reynolds the shell-to-shell transfers and it was concluded that they were local except for the transfer between the velocity and the magnetic field, which was found to be somewhat non-local. The helicity transfer was also found to be non-local.
Recently, Aluie & Eyink (2009b) gave strict bounds for fluxes in MHD turbulence under the assumptions that both the velocity and the magnetic energy follow power laws in the inertial range between k −1 and k −3 . The velocity-tovelocity and magnetic-to-magnetic fluxes were found to be local in the limit of infinite Reynolds number, and the fluxes coupling velocity and magnetic fields were found to be local although counterexamples to their proof as the ones mentioned in Sect. 2 were acknowledged. However, these results shed light into why some simulations were found to be more local than others, as mechanisms as the small-scale dynamo can be expected to be less relevant in freely decaying turbulence in approximate equipartition between the two fields. 2. Shell-to-shell transfer functions allow for detailed studies of coupling between fields and scales in numerical simulations. The shell-to-shell transfers can also be associated with physical processes such as as Alfvén wave interactions, Joule damping, and dynamo action.
3. The degree of non-locality observed at the presently attainable spatial resolutions depends on the configuration.
4. Mechanically forced turbulence shows local transfer of magnetic and kinetic energy, but the coupling between the velocity and magnetic field that sustains the latter against Ohmic dissipation is non-local.
5. In freely decaying MHD turbulence, non-local effects seem to be negligible. T bu transfers only interchange energy between similar scales. In both cases, the T uu and T bb transfers are local and give the largest contribution to the flux.
